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1. Introduction 



The non-commutative geometric construction of Connes[T|, |^ has been successful in giving 
a geometrical interpretation of the standard model as well as some grand unification models. 
In this interpretation the Higgs fields are regarded as fields along directions in the discrete 
space. The bosonic parts of the actions are just the pure Yang-Mills actions containing gauge 
fields on both continuous and discrete spaces, and the Yukawa coupling is regarded as a kind 
of gauge interactions of fermions. 

At the same time, applying non- commutative geometry(NCG) to SUSY theories has 
encountered many difficulties. A natural way is to introduce a non-commutative space which 
is a product of the superspace and a set of discrete points, similar to those which have been 
done in non-SUSY theories. However, such an extension of superspace has been proved to 
be rather difficult to accomplish. Chamseddine[§] then proposed an alternative approach in 
which SUSY theories were considered in their component form. He discussed how to derive 
from NCG the N = 2 and 4 SUSY Yang-Mills actions, and also the coupling of = 1 and 
2 super Yang-Mills fields to A = 1 and 2 matters. 

Chamseddine's paper is the first one in which a connection between space-time super- 
symmetry and NCG is discussed. However his approach is rather complicated, especially the 
geometric meaning of Z2 he used is not so clear. In our paper we use Z2 x Z2 rather than 
Z2 only. Then we would like to discuss how to derive the N = 2 and 4 SUSY Yang-Mills 
theories from the viewpoint of the M4 x Z2 x Z2 gauge theory, which was previously proposed 
by Konisi and Saito]^ without recourse to NCG. This approach appears to be geometrically 
very simple and clear. The scalar fields S"'{x), P"(x) in A = 2 theory and A°'\x), B°'\x) 
(/ = 1,2,3) in A = 4 theory will be regarded as gauge fields along directions on Z2 x Z2 
discrete space. 

This paper is scheduled as follows: In §2 we summarize the extended gauge theory on 
M4 X Z2 X Z2 without recourse to NCG0]. This will be applied to = 2 theory in §3 and 
to A = 4 theory in §4, respectively. The final section is devoted to concluding remarks. 

§2. Gauge theory on M4 x Z2 x Z2 

In this section we summarize the gauge theory on M4 x Z2 x Z2 . Let us write the four 
elements of Z2 x Z2 as 

go = (61,62), gi = in, 62), g2 = (ei,r2), = (ri,r2). (2.1) 
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They are subject to the algebra 

90 + 9i = 9i, 9i + 9i = 9o, (i = 1, 2, 3) 

91+92 = 93 and cychc. (2.2) 

To every point {x,p) with x e M4 and p = go, gi, 92, 93^^ attach a complex ra-dimensional 
internal vector space Generally, n may take different values with each other for 

different p's. However, we confine ourselves here in the equal n-dimensional case. For any 
scalar field f{x,p) on we define the difference 5hf{x,p) by 

Shfix,p) = f{x,p) - f{x,p + h), 

h = 91,92,93- (2.3) 

It is easy to check the identity 

SkSHfix,p) - ClMi^.P) = 0, Cl, = Si + 6[~ 5U^. (2.4) 

Namely, the second-order difference can be written by the first-order differences. 

For the fermion field ip"'{x,p) which is a vector on V^[x,p], Eg. ( p. 3D should be replaced 
by a covariant difference defined by 

Vhr{x,p) = r{x,p)-iH{x,p,p + h))ltP\x,p + h), (2.5) 

where a,b = 1, 2, ■ ■ • , n. Since ip°'{x,p) and ifj^i^x^p + h) are different vectors belonging to 
different internal spaces with each other, so the simple difference ip"' {x , p) —i/j"" [x , p+ h) has no 
meaning. However, if we give a scalar function H(x,p,p+h)1 of nxn matrix, the %l)°'{x,p+h) 
is mapped to vector %ljfj{x,p) on by the product i/jfj^Xjp) = H {x , p, p+h)1'i/j'' {x , p+h) , 

where H{x,p,p + h) is subject to a rule of the gauge transformation 

H{x,p,p + h) H{x,p,p + h) = U~^{x,p)H{x,p,p + h)U{x,p + h) (2.6) 

under a rotation U{x,p) of the frame 

r{x,p) ^ r{x,p) = {u-\x,p))i,r\x,p). (2.7) 

Generally such a mapping function H{x,p,p + h) is called a connection, and it is, therefore, 
regarded as the gauge field associated with Z2 x Z2. Henceforth we refer to ^lj%{x,p) = 
H{x, p,p + hY^ifj^^x, p + h) as the parallel-transported vector of ifj^i^x, p + h) from p-\-hio p. 
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In order to define a field strength (or curvature) for H{x,p,p + h) we calculate the 
commutator 

[Vk,'^h]^''ix,p) = ~iFkhix,p))lip\x,p + k + h), ih,k = gi, 92,93) (2.8) 

where 

Fkh{x,p) = —[H{x,p,p + k)H{x,p + k,p + k + h)—H{x,p,p + h)H{x,p+h,p+k + h)]. (2.9) 

This function Fkh{x,p) can be regarded as such a field strength. The reason is as follows: 
The first term H{x,p,p + k)H{x,p+k,p + k + h)xlj{x,p+k + h) shows the parallel-transported 
vector of ifj{x,p + k + h) from p + k + h to p through p + k (see Fig. A), whereas the second 
term H{x,p,p + h)H{x,p + h,p + k + h)tp{x,p + k + h) shows the parallel-transported vector 
oi i(j{x,p + k + h) from p + k + h to p through another point p + h. The difference between 
both parallel transportations will, therefore, give the curvature 

However, we can consider another type of parallel transportations depicted in Fig.B, 
because on the discrete space any second-order difference can be written by the first-order 
one as was shown in ( p.4|) . Actually, such a difference of the parallel transportations is given 
by 

(VfcV^ - Clj,Vi)r{x,p) = -{Fkh{x,p))lij\x,p + k + /i), (2.10) 

where 

Fkh{x,p) = H{x,p,p + k + h) ~ H{x,p,p + k)H{x,p + k,p + k + h). (2.11) 

Namely, the first term H{x, p,p + k + h)ifj{x, p + k + h) shows the parallel-transported vector 
of iIj{x,p + k + h) fTom p + k + h to p directly, whereas the second term H[x,p,p + k)H{x,p + 
k,p + k + h)ilj{x,p + k + h) shows the parallel-transported vector of i/j{x,p + k + h) from 
p + k + h to p through p + k. The difference between such both parallel transportations will 
give another curvature Fkh{x,p). Henceforth we call it the triangle curvature. 
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Two kinds of curvature Fkh{x,p) and Fkh{x,p) have a relation 

Fkhix,p) = Fkhix,p) - Fhkix,p), (2.12) 

namely, Fkh{x,p) corresponds to an antisymmetric part of Fkh{x,p). 

The ordinary Yang-Mills field uJn{x,p) is introduced by the covariant derivative 

V^r{x,p) = {d^ + iu^{x,p))%'4;\x,p). ifi - 0, 1, 2, 3) (2.13) 

We assume that uj^{x^p) is independent of p and is set to be 

uj^{x,p) = A^{x). (2.14) 

Its curvature is given by 

[V,,V,]r{x,p) ^i{F,,{x))l^p\x,p), (2.15) 

where 

i^M-(^) = d^Mx) - d,A^{x) + % [A^(x), A,{x)\. (2.16) 
The other curvature component F^^h{x,p) is calculated to be 

[V^, V,]<(x,p) - -F^n[x,p)\i,\x,p-rh), (2.17) 

where 

F^,h{x,p) = df,H{x,p,p+h)+i[A^{x),H{x,p,p+h)] = Vf,H{x,p,p + h). (2.18) 

Here, we need no accounting for a triangle-like curvature, since [d^, 6h] = for any function. 
By taking into account of four kinds of curvatures the bosonic Lagrangian is now given 

by 

£b = A + A + £3 (2.19) 



with 



A = -lF^,Ax)Fr{x), (2.19a) 

A = &[Fl,ix,p)F>^\x,p)] 

p 

= iJ2^r[{V,H{x,p,p + h))\V''H{x,p,p + h))], (2.19b) 

p,h 

£3 = r]Y.^T[Fi','>\x,p)F^'^''^{x,p)] + CY.^T[Ftf^^ (2.19c) 
p p 



where ^, r] and C are real normalization constants, F^J and F^^ are symmetric and anti- 
symmetric parts of the triangle curvature F^h, respectively. 
A fermionic Lagrangian may be written as 

= zY.iJa{x,p){T^V, + r''Vh)r{x,p), (2.20) 
p 

where ^ ^ 

r'^ = 7^xy, r'^ = 75Xy, (/i = ^1,^2,^73 or simply 1,2,3) (2.21) 

r" being a (2 x 2) unit matrix and the Pauli matrix. 



§3. N = 2 super Yang-Mills theory 

The N = 2 super Yang-Mills action is known to be 

-ifatcriS' + 11,P')X' - \{fal>cS'P'f] , (3.1) 

where S"" and P"^ are scalar and pseudoscalar fields, respectively, and is a Dirac spinor, 
all in the adjoint representation of the gauge group G with the structure constant fabc- The 

action is invariant under the N = 2 super transformations. Our purpose is to consider a 
relationship between the above theory and the M4 x Z2 x Z2 gauge theory. 
In the fermionic Lagrangian ( |2.20|) we require 

Vsr{x,p) = r{x,p) - {H{x,p,p + g:,))%ij\x,p + g^) = (3.2) 

and 

{H{x,p,p + g^))l = 5l (3.3) 

From these it follows that 

i){x,p) =i){x,p + g^), (3.4) 

hence 

iljiyX^go) =ilj{x,g:i) and tjj{x, gi) = ip{x, g2). (3.5) 
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From ( |3.3| ) we have 

H{x,p,p + g^) = H{x,p + gi,p + g2) = H{x,p + g2,p + gi) = H{x,p + g3,p) = 1 (3.6) 
For other covariant differences 



Viij{x,p) =i{j{x,p) - H{x,p,p + gi)'ilj{x,p + gi), 
V2i>ix,p) = i){x,p) - H{x,p,p + g2)tlj{x,p + g2), 



we set 



H{x,p,p + gi) = P{x) = TaP%x), 
H{x,p,p + g2) = Six)=TaS''ix), 

where T'^ is the generator of G subject to algebra 

[T,,T,]=tU,T'. 

By substituting p + gi into p in (|3.9| ) and (|3.10|) we find 

H{p,p + gi) = H{p + gi,p) = H{p + g2,p + gs) = H{p + gs,p + g2) = P{x) 
H{p,p + g2) = H{p + gi,p + gs) = H{p + g2,p) = H{p + g3,p + gi) = S{x) 



If we put in ( p.5|) 

ip''ix,go) = iJ%x,g3) 



. . 



and ip''{x,gi) = ^''(x,5^2) 



' ^ 



(3.7) 
(3.8) 



(3.9) 
(3.10) 



(3.11) 



(3.12) 
(3.13) 



(3.14) 



where L and R are left-handed and right-handed projection operators, respectively, i.e., 

L = ^—^ and i? = l±^, (3.15) 



2 2 ' 

then the fermionic Lagrangian ( p.20|) is reduced to 



(3.16) 



This is equivalent to that in (|3.1|) in the adjoint representation {(Ta)bc = —ifabc)- 

Next we consider the bosonic Lagrangian. The triangle curvature (|2.11 ) is given by 



Fijip) = H{p,p + gi + gj) - H{p,p + gi)H{p + gi,p + gi + g^), 



(3.17) 



so that 





= H{jp,p + g^)- 


Hip,p + gi)H{p + gi,p + gs) = 1 - P{x)S{x 




= H{p,p + g3)- 


Hip,p + g2)H{p + g2,p + gs) = 1 - S{x)P{x 




= ^32 (p) = -F31 


(p) = -FM = -S{x) + P{x), 


Fu{p) 


= l-P'ix), 




F22{P) 


= 1-S^ix), 




F-M 


= 0. 





The antisymmetric part of Fij{p) is, therefore, given by 



(3.17a) 
(3.17b) 
(3.17c) 
(3.17d) 
(3.17e) 
(3.17f) 



f{^\p) = ^[S{x),P{x)] = UUcnS%x)P\x), (3.18a) 
Fit\p) = Fit\p)=0. (3.18b) 
The third bosonic Lagrangian £3 in ( p.l9cD then becomes 

£3 = vT.^T[F,f\x,p)F^''>^^{x,p)]+CY.^i[F,f\x,p)F^^^^^^ 
p p 

= symmetric part + ^C(/a6c5"(2:)P^(a;))l (3.19) 

The second bosonic Lagrangian C2 in ( 2.19b ) is 
A = ^Y.^T[{V^Hix,p,p + g,)yiWHix,p,p + g,)) 

= C Y.tT[V^H{x, p,p + gi)V''H{x, p,p + gi) + V^H{x, p,p + g2)V^H{x, p,p + ^2)] 
p 

= 2^[V^P'^{x)V''Pa{x) + V^S^ix)V^Sa{x)]. (3.20) 

The first bosonic Lagrangian Ci is the same as ( |2.19a| ). The total bosonic Lagrangian 
£1 + £2 + -^3 is, therefore, identical with that in ( |3.1| ), only when r] = 0, ( = —1 and C = \- 
Thus we have obtained the N = 2 super Yang-Mills theory from the viewpoint of the 
M4 X Z2X Z2 gauge theory. In this interpretation the scalar field S'"(a;) and pseudoscalar field 
P°'{x) have been regarded as gauge fields along two directions on Z2 x Z2. The antisymmetric 
curvature for both scalar fields has been important in this construction. 
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»4. = 4 super Yang-Mills theory 

The = 4 super Yang-Mills action is given by 



d X 



(4.1) 



where V^^ is the gauge covariant derivative with fabc the structure constants of an arbitrary 
gauge group G. All fields belong to the adjoint representation of G, and there is a global 
SU{4) internal symmetry with a central S0{4) subgroup of scalar charges. The notation 
and classification of fields are given in Table. The 4x4 matrices aj^^. and f^jj^ are coupling 
constant matrices of the (1,0) or (0, 1) and (|, |) irreps of SO (4). They coincide with the r] 
and f] matrices of instanton theory. 



Table. Fields for = 4 supersymmetric Yang-Mills theory 



Spin 


Multiplicity 


Fields 


so {4) irrep. 


1 

1 
2 

0± 


1 

4 

3 + 3 


Majorana spinor x"-^ , j = 1, ■ 

^a/^^a/^ /= 1,2,3 


(0,0) 
■ 4 (i i) 

(1,0) and (0,1) 



Our purpose is to derive the above action from the viewpoint of the M4 x Z2 x Z2 gauge 
theory. The procedure is quite the same as in the previous section. Only difference is to 
introduce the coupling constants ajj^ and into the covariant differences (|3.7| ) and (|3.8|) 

Vi^p^ix,p) = i)^{x,p) -2a]t^H\x,p,p + gi)^l)''{x,p + gi), (4.2) 
V2i^\x,p)=ij^{x,p)-2p'ji,H\x,p,p + g2)ij''{x,p + g2), (4.3) 

where {H\x,p,p + gi))1'i/j^''{x,p + gi) is a parallel-transported vector of ij/'^i^x^p + gi) from 
p + gi to p. In the following we set 

H\x,p,p + gi) = B\x) = TaB'^'ix), (4.4) 
H\x,p,p + g2)=A'ix) = TaA'^'ix), (4.5) 
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where Ta is subject to the algebra ( |3.11| ). If we put fermionic fields 

r'{x,go) = r'{x,g,) 

r'{x,9i) = r'{x,92) 




(4.6) 
(4.7) 



then the fermionic Lagrangian ( p^.20D becomes 



bk 



(4i 



which is equivalent to that in ( [4.1| ) in the adjoint representation. 

Next we consider the bosonic Lagrangian. In the same way as in the N = 2 case, 
we consider only antisymmetric curvatures for the discrete space. However, contrary to the 
N = 2 case, there are three kinds of antisymmetric curvatures here. One of them corresponds 
to ( |3.18a| ), i.e., 

Fg,g,ix,p) = [A\x),B'ix)] = tfabcTcA''\x)B'\x). (4.9) 

Geometrically, this is a difference between two routes of parallel transportations of ip{x, p+gs) 
depicted in Fig.C]^. This curvature Fg-^g^{x,p) is the antisymmetric part of the triangle 
curvature corresponding to Fig.Ca. 





P + 9i< >P + 92 ^^tisym. p 

Fig.Ci. p + 93 Fig.Ca- p + 93 

The other two are 

[£{x),A^{x)] and [B^x], (x)]. (4.10) 

Both curvatures vanish in the N = 2 case. However, in the = 4 case they don't vanish 
since they have I, J components. Geometrically, [A^ , A^] corresponds to a difference between 
two routes of parallel transportations depicted in Fig.D^, i.e., 



{p + 93 A-' -^p + 9i^l^p + 92^A^ ^p) 
-{p + 93 ^ A' ^ p + 9i ^ 1 ^ p + 92 



A' 



P), 



(4.11; 
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where the mapping function H{p+gi,p+g2) is unity from (|3.6|). The curvature [A^{x), A'^^x)] 
is the antisymmetric part of the triangle-hke curvature corresponding to Fig.Dg. The same 
is true for [B^ (x), B-^ (x)]. 



P P 




The bosonic Lagrangian is, therefore, given by 

-2Ctr{[A^,A^]^ +[B^.,B^]^ + 2[A^,B^]^}. (4.12) 

This is equivalent to the bosonic parts of ( [4.1D if ^ = — C = |- Thus we have obtained the 
= 4 super Yang-Mills theory from the viewpoint of the M4 x Z2 x Z2 gauge theory, when 
we used antisymmetric curvatures for scalar fields. Both scalar fields A^-^x) and B°'\x) have 
been regarded as gauge fields along two directions on Z2 x Z2. 



§5. Concluding remarks 

We have considered the N = 2 and 4 super Yang-Mills theories from the viewpoint of 
the M4 X Z2 X Z2 gauge theory. The scalar fields S"'{x), P"(x) in the N = 2 case and A'^^ , 
B"^, / = 1,2,3 in the = 4 case have been introduced as gauge fields along directions on 
Z2 X Z2 discrete space. The "covariant derivatives" on the discrete space have given the 
Yukawa couplings between fermions and scalar fields. 
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The kinetic terms of these scalar fields and the Higgs potentials have been determined by 
curvatures which come from scalar fields. Here, the important things are that there are sym- 
metric and antisymmetric curvatures for scalar fields. We have seen that only antisymmetric 
curvatures for scalar fields are related to the N = 2 and 4 super Yang-Mills theories. 

There is no antisymmetric curvature for Z2 or discrete space. The Z2 x Z2 discrete 
space is the first space that includes such antisymmetric curvature. Z4 is essentially the 
same as Z2 x Z2. This is the reason why we use Z2 x Z2. We have seen the geometrical 
meaning of symmetric and antisymmetric curvatures. 

In the NCG formulation one can also define such symmetric and antisymmetric curva- 
tures. To see this let us use Sitarz's one-form x*[0. The two- form curvature is 

F = F,,x'^x'- (5.1) 

where Fij corresponds to the triangle curvature ( |2.11| ) and Fij 7^ ±-Fjj. In general A x^' 
±X'' ^ X*- The Lagrangian is given by the inner product 

{F,F) = tr(4F,0(x^Ax^x'Ax') 

= tr(4F,,)[(x^x')(x^x') + (x^x')(x^x')] 

= atT{FlF'^) + btT{FlF^'), (5.2) 

where a, b are generally arbitrary real constants. In the framework of NCG one cannot fix 
them definitely. So we have the symmetric curvature Lagrangian for a = b, the antisymmetric 
curvature Lagrangian for a = —6, and generally both mixed. The result ( ^.21) corresponds 
to our £3 in ( |2.19c| ). 

Finally we emphasize that a superspace formulation for M4 x Z2 x Z2 gauge theory may be 
one of the most important problems left unsolved. We expect that from this formulation the 
relationship between the antisymmetric curvature and the supersymmetry becomes clearer. 
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